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1. INTRODUCTION 
We define the hyperbolic kernel of Marcel Riesz [1] by the formula, 
U~_n/2 
Ma(u) = Nn(~) '  if t • F+, (1.1.1) 
0, if t ~ F+, 
where t= (tl, t2 , . . . ,  tn) • R n and u = tl 2 -t22 . . . . .  t~, Nn(a)  = rn -2 /22a- lF  (a /2 )F  (c~- n 
+2/2) ;  F+ = {t • R" /u  > 0,t l  > 0}. This kernel follows from the Nozakis function Ra(u) [2] 
which is defined by 
ua_n/2 
Ra(u) = Kn(a) '  if t • F+, (1.1.2) 
0, if t ¢ F+, 
here a is a complex parameter, n is the dimension of the space R n, F+ -- (t  • ]R n / u > 0, tl > 0}, 
2 . . . .  t2 u = tl 2 + . . .  + t 2 -- tp+ 1 -- p+q, p + q ---- n, and the constant is given by 
~r"-Z/2F (2 - a~ - n/2) r (1  - 0 /2)  r (o )  
gn(~)  = F (2 + c~ - p/2) F (p - c~/2) (1.1.3) 
Let x = (x l ,x2 , . . .  ,xn) be a point of the n-dimensional Euclidean space R n. Consider a 
nondegenerate quadratic form in n variables of the form 
P = e(x )  x~ + .. + x2p 2 2 (1.1.4) • - -  Xp+ 1 . . . . .  XpTq ,  
where n = p + q. 
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The distributions (P + i0) ~ are defined by 
(P i i0) ~ = lira (P ± i~Ix]2) ~ (1.1.5) 
where ¢ > 0 and Ix[ 2 = x~ +x 2 +. . .  + x 2, A E C, [3, p. 274]. 
The distributions ( P i iO)  ~ are analytic in A, everywhere except at A = -n /2 -k ;  k = O, 1, 2 , . . . ,  
where they have simple poles [3, p. 275]. 
The Fourier transform of the distributions (P + i0) ~ is [3, p. 284] 
F [ (P+i0)  ~] - 1 ~ e_i(x,v)(P±iO)~d x 
(2 r )~/2  
e:l=i(lr/2)q22~+nTrn/2F()~ ÷ n/2) (1.1.6) 
= (2~) . /2 r ( _~)  • (Q - i0 ) -~- ( - /2 ) ,  
where  Q = Q(y)  = y~ +. . .  + g - y~+l . . . . .  YLq ,  P + q = n. 
We define the causal (ant±causal) distributions Ha(P  ± i0, n) as follows: 
ei(~/2)ae+iOr/2)qF ( n - ~/2) (P ± iO) a-n~2 
H,  (P ± iO, n) = 2,~rn/2r(a/2 ) , (1.1.7) 
where ~ E C ,P  is defined by (1.1.4), and q is the number of negative terms of the quadratic 
form P. 
The distributional functions Ha(P ± iO, n) are the causal (ant±causal) analogues of the elliptic 
kernel of Marcel Riesz [1, pp. 16-21] and have analogue properties. 
The Fourier transform of H,~(P ± iO, n) is given by [4, p. 39, formula (2.3.3)] 
ei(~/2)a 
F [Ha(P ± i0, n)] - (2w)n/2 (Q ~= i0) -(a/2), (1.1.8) 
where, as always, we write Q = y2 4 . . .  + y2 _ y2p+ 1. . . . .  y2+q, p + q = n. 
We shall define the causal (ant±causal) generalized Marcel Riesz potentials of Order a, (~ E C, 
E S, S is the Schwartz space, as follows [5]: 
Ra~ = Ha(P  ± iO, n) * ~, (1.1.9) 
where Ha(P  ± iO, n) is given by (1.1.7) 
Formula (1.1.9) generalizes the potential of order a in the ultrahyperbolic space defined by 
Nozaki [2, p. 85] and also the Riesz potential defined by Samko [6]. 
2. PROPERTIES  OF  Ha(P  ± iO, n) 
The following propositions are valid (see [4]). 
PROPOSITION 1. The following formula is valid: 
F [Ha * H-2k] = (2~r)(n/2)F [Ha]- F [g-2k], (2.1.1) 
k = 1,2, . . . ;  c~ ¢ n+2r ,  r = 0,1,2, . . . .  
From the preceding formula, we obtain [4, p. 40] 
H-2k = Lk(~), (2.1.2) 
and when k = 0, one has 
H0 = 5, (2.1.3) 
here L k is the n-dimensionM ultrahyperbolic operator, iterated k-times (k integer > 1), defined 
as 
nk={ 02 02 02 02 ~k 
+ + - - o4÷  j (2.1.4) 
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PROPOSITION 2. 
~ n + 2r, r integer > O, and a - 2k ~ n + 2£, 
When ~, ~, a + fl are different from n + 2r, r 
g.,g  
and 
The following formula is true: 
Ha * H-2k = Ha-2k, (2.1.5) 
integer > O. 
= O, 1 , . . . ,  the following formulae are valid: 
= Ha+Z (2.1.6) 
{Ha * H~} ^ = (2~r)n/2 {Ha}A {Hf~}^. (2.1.7) 
From the preceding propositions we deduce, easily, an explicit expression of a family of causal 
(anticausal) elementary solutions of the operator L k (2.1.4). 
PROPOSITION 3. The distributions H2k(P ± i0,n), 2k ~ n + 2r, r = 0 ,1 ,2 , . . .  are cansal 
(anticausal) elementary solutions of the homogeneous ultrahyperbolic operator iterated k-times, 
equivalently, the following formula is valid: 
L k {H2k(P ± iO, n)} = 5. (2.1.8) 
The most important case of the formula (2.1.8) for the applications is when n = 4; q = 1, 
k -- 1, and in this case, the operator L k is the classic wave operator or Lorentzian 
02 02 02 02 
[] = + + ox--  0x " (2.1.0) 
In the present case, we have 2k = 2 ~ n + 2r = 4 + 2r, r = 0, 1, . . .  ; formula (2.1.8) is valid 
and the distributions H2(P ± iO, 4) are elementary solutions of the Lorentzian. 
We have, in this case, 
i 
H2(P +iO,4) = 4r 2 (P ÷ iO) - '  (2.1.10) 
and 
i (p_  i0)_1. (2.1.11) H2(P - iO, 4) -- 
The causal elementary solution//2 of the Lorentzian operator [] is the famous "photonic delta" 
of Feynman [7, p. 120, formula (14.26)]. 
The distribution H2(P - iO, 4) is the corresponding anticausal's Feynmans delta. 
Let us evaluate the elementary solutions of the Lorentzian iterated two-times, that is, the 
causal (anticausal) solutions of the equation 
[]2U = 5. 
In this case, n -- 4, k = 2, and 2k = 4 = 4 + 2; 0; therefore, the assumptions of Proposition 3
are not verified and the functions H4(P ± iO, 4) are not elementary solutions of [:]2u. 
Nevertheless, it is possible to establish an analogue theorem to Proposition 3, with the same 
generality and which express the causal (anticausal) elementary solutions of the operator L k, for 
all k_> 1. 
This case is covered by the following proposition. 
PROPOSITION 4. The distributional functions of P f H2k( P ± iO, n) are elementary solutions, for 
all values of k, of the operator L k, 
L k {P fH2k(P  ± iO, n)} = 6. (2.1.12) 
Here Pf  indicates the finite part of Ha(P  ± iO, n) at a = 2k, which is, by definition, 
P f H2k = lim d a-*n+2r ~ {(a - n - 2r)Ha}. (2.1.13) 
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3. ON THE INVERSION OF CAUSAL (ANTICAUSAL)  
ULTRAHYPERBOLIC RIESZ OPERATORS 
The formula (1.1.9) defines the causal (anticausal) ultrahyperbolic operator of order c~ of the 
function ~, a E C, ~ E S, as follows: 
RaW = H,~(P =t= iO, n) • ~. (3.1.1) 
Our purpose is to obtain the inverse operator of R ~, which is indicated by (Ra) -1, such that 
f = Ra~, 
and therefore, 
First, we shall prove that 
where a is a positive real number. 
We also have 
(RO) - l f  = , .  
La/25 = H-a ,  
Lm{R"~} = RC~-2m~, 
where a is a positive real number, a > 2m, m = 1, 2 , . . . .  
By iterating m-times the process, we obtain 
L m {nm {R~}} = L m {Ra-2m~} = R'~-4m~. 
Putting a = 2m in (3.1.3), we have 
L = L = 
Otherwise, we obtain 
Therefore, we have 
L 2m {R2m~} = R-2m~ = H-2m * ~o. 
= L m {R°~v} = n 'n {Ho * 5} = L m {5 * ~} 
= Lm5 * qo. 
From (3.1.5) and (3.1.6), we obtain 
H-2m * ~ = Lm5 * ~, ~ E S, 
(3.1.2) 
(3.1.3) 
(3.1.4) 
(3.1.5) 
(3.1.6) 
or equivalently, 
Lm5 = H-2m. (3.1.7) 
Formula (3.1.7) generalizes a formula due to Schwartz [8, p. 50, formula (II.3.32)] and coincides 
with the formula (II.3.7) p. 92 of [9]. 
We have 
F[L] = Q = (Q - io) )~, for A = 1 (3.1.8) 
and by definition, 
F[L  ~] = (Q - iO) '~, a e R.  (3.1.9) 
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From (3.1.9) and (2.1.6), we obtain the following equation: 
LaL  ~ = L a+~, a, and ~ER.  
From (3.1.9) and the theorem of the uniqueness for the Fourier transform, we obtain 
L a = H-2a, 
and when a = 1, we have 
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(3.1.10) 
(3.1.11) 
PROOF. By taking into account (3.1.1) and (3.1.2), we have 
i rn{R~} = Ra-2m~ 
From (2.1.3), we have 
Otherwise, we know that 
and (cf. Proposition 3) 
~*~ =q0, 
La/2{Ha} = 8. 
Therefore, we have 
• = {H_ .  • Ha}  • 
=8*~=qo.  
The above formula says that 
(R~) -1 = H_a = L a/2. 
Formula (3.1.20) is, just the same, the thesis of our theorem. 
if and only if m = a/2. 
Then, we can write, 
Lal2 { R%p} = ~. 
Our purpose is to obtain an operator (R~) -1 such that 
(Ra) - l{Ha.  ~} = ~. 
Lm{R~} = qo, 
(3.1.13) 
(3.1.14) 
(3.1.15) 
(3.1.16) 
(3.1.17) 
(3.1.18) 
(3.1.19) 
(3.1.20) 
(Ra) -1 = L a/2, (3.1.12) 
here L is the n-dimensional ultrahyperbolic operator iterated k-times, k integer _> 1, defined by 
L k f 02 02 02 02 I k 
= + ox - 2 . . . .  • 
where 
L=H_2.  
Putting c~ = m in (3.1.11), we arrive at (3.1.7). 
Now, we shall enunciate our main theorem about the inversion of causal (anticausal) ultrahy- 
perbolic Pdesz operators. 
THEOREM. Let us put c~ 6 R +, a ~ -n /2  - k, k = 0,1,2 , . . . .  Then f = R~,  where R~ is 
defined by (1.1.9), f 6 S, then 
(Ra) - l  f = ¢p, 
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